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Introduction
Since the work of Turing 18] in 1952, a lot of models have been established and investigated to explore the so-called Turing instability.
One of the most interesting models in biological pattern formation is the Schnakenberg model 16] on a one-dimensional interval, which can be stated as follows: Turing's basic idea is as follows: Consider a system of reaction-di usion equations with very di erent di usion coe cients. In the case of the Schnakenberg model this basic condition is 2 We note that the Schnakenberg model has been studied widely by analytical and numerical methods. We refer to 10] and the references therein { in that paper the Schnakenberg model is posed in a two-dimensional square. By using spatially varying di usion coe cients the degeneracy of the Turing bifurcation is removed and new phenomena appear including stable subcritical striped patterns, and the possibility that stable patterns lose stability supercritically to give stable spotted patterns.
In the present paper we are concernced with a simple type of Turing pattern: Symmetric N-peaked solutions in an interval. (See Fig.1 case N = 3.) By symmetric solutions we mean solutions which have a translation symmetry: The solution consists of N peaks on say the interval (? 1 N ; 1 N ) so as to constitute a steady state on (?1; 1). Therefore existence which is based on the implicit function theorem follows quite easily from 17]. A proof is included in Appendix A.
What is at the focus of our interest, however, is the question of stability. Here for small enough (linear) stability can be explicity expressed in terms of the di usion coe cient D and the number N of spikes. Our goal is to provide a rigorous and explicit treatment for the stability of symmetric N?peaked solutions in an interval. We emphasize that this analysis is not the classical stability of Turing systems which studies the homogeneous state. Rather we directly explore the stability of our Turing pattern which is far from homogeneity.
We follow the theoretical foundation in 27]. Stability is established by studying the large eigenvalues which tend to a non-zero limit and the small From now on, we work with (1.5) exclusively and we assume that D > 0 and c > 0 are constant. The main purpose of this paper is to study the stability of (u ;N ; v ;N ). The paper has the following structure: In Section 2 we study the large eigenvalues of the linearized operator. In Sections 3 { 5 we study the small eigenvalues of the linearized operator: In Section 3 we proved some preliminaries and state the key lemma, which is Lemma 3.1. In Section 4 we compute the small eigenvalues and prove Lemma 3.1. Section 5 contains some numerical simualtions.
Finally, in Appendix A we give an existence proof for steady states and in Appendix B we calculate the matrix B explicitly (which lls a gap left from Section 2). In Appendix C we compute the matrix M explicitly by calculating the Green's function and their rst two derivates, which enables to calculate the expressions in Lemma 3.1 in terms of the di usion coe cient and the number N of peaks only.
We use the notation e:s:t to denote an exponentially small term of order O(e ?d= ) for some d > 0 in the corresponding norm. By C we denote a generic constant which may change from line to line. Then we obtain a system of nonlocal eigenvalue problems In summary, we have arrived at the following proposition: Proposition 2.3. Let ! 0 6 = 0 be an eigenvalue of (2.2). Then
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N ; there exists a positive . This nishes the study of large eigenvalues.
At the end of this section, we study the following linear operator, which will be useful later. Let . . .
We obtain the following 
is an invertible operator if it is restricted as follows
Moreover, L ?1 is bounded.
Proof: This follows from the Fredholm Alternatives Theorem and Lemma 2.4.
Computation of the small eigenvalues I: preliminary
In the next two sections compute the small eigenvalues of the problem where L 0 = 0. Hence j = c j w 0 (y) for some c j . This suggests that the rst term in the expansion of ;j is a j w 0 (y) for some constant a j . As we shall prove, the small eigenvalues are of the order O( 2 ). We need to expand the eigenfunction up to the order O( )-term. Let us de nẽ w ;j (x) = (x ? x j )u (x);
where (t) is de ned before (2.4). Then it is easy to see that 
Numerical Simulations
We have performed some numerical simulations to verify our results. In all our comptutations, we take c = 1 and work with the rescaled equation Figure 2 contains the trajectories of u at di erent time: t = 50; t = 2500; t = 50000.
The trajectory of the center of the spike is given by Figure 3 . We see the the trajectory converges to the center.
Next we consider the stability of two-peaked solutions. We start with D = 1; = 0:006. By our theory, the critical thereshold for the stability of STABILITY ANALYSIS OF TURING PATTERNS 25 two-peaked solution is D 2 = 1 96 0:01. So it should be untable and our numerical computation con rms that. See Figure 4 .
Finally, we decrease D to be D = 0:008 < D 2 . By Theorem 1.2, twopeaked solution should be stable. Figure 5 con rms that. Figure 6 shows that the trajectories of the two-centers converge to the stationary two-peaked location.
6. Appendix A. Existence of N-peaked solutions We prove Theorem 1.1 in this appendix. Since this is similar to that of 17], we shall give a sketch only. The main idea is that we restrict the solution to be symmetric and then apply implicit function theorem.
To this end, it is enough to consider the following problem where l = 1 N . We construct symmetric single-peaked solutions to (6.1). Then by pasting N of these solutions together we obtain a symmetric N-peaked solution in (?1; 1) . Let ; j = 2; :::; N: (8.11) Claim II: 
